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A three-coloured triangle-free complete graph with 16 vertices is constructed in 
an ad hoc manner. The edges of one colour in the complete graph, with the 16 
vertices, form a Greenwood-Gleason graph, which can be regarded as the edges 
and diagonals of a hypercube in four dimensions, and which also has a represen- 
tation as a graph in five dimensions all of whose automorphisms are isometries. In 
the complete graph, the blue edges form 40 quadrilaterals; 20 of these have red 
diagonals, and these 20 “red quadrilaterals,” meeting along 40 edges and at 16 
vertices, represent a topological surface of characteristic -4, a Klein bottle with 
two handles. This surface can be represented using a tessellation of regular 
quadrilaterals in the hyperbolic plane. To obtain the only other three-coloured 
triangle-free complete graph with 16 vertices some of the blue and red edges are 
interchanged in a way that can be described very simply using either the surface of 
characteristic -4 or the hyperbolic tessellation. 
1 
This paper consists of a geometer’s thoughts on a particular problem in 
graph theory. The problem has previously been considered combinatorially 
[5] and using a finite field [3], and can also be studied using permutation 
groups, but the following geometrical viewpoints may be of interest. 
If each edge of a complete graph on n vertices is coloured with one of 
three colours in such a way that the graph contains no triangle whose edges 
are all of one colour, then the graph is triangle-free. The maximum possible 
value for n is 16, and a complete triangle-free graph with 16 vertices was 
constructed in [3]. We developed most of the ideas in the present paper after 
having been told of the existence of such a maximal graph but before coming 
across the methods of construction given in [3, 51. 
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A complete triangle-free graph of two colours, blue and red say, can have 
at most two edges of any colour through any vertex; for if there were three 
blue edges through P (Fig. 1), then QR, RS, SQ would all have to be red to 
avoid a blue triangle, and this would produce a red triangle. Hence there can 
be at most four edges, two blue and two red, through each vertex; so there 
are at most five vertices. A complete triangle-free graph of two colours, with 
five vertices, does exist as shown in Fig. 2, and this is the only such graph to 
within isomorphism. 
In a complete triangle-free graph G of three colours, suppose there are k 
edges of one colour, yellow say, through the vertex 0; denote these edges by 
oc, ) oc,,..., OC,. Then the edges joining C, ,..., C, pairwise form a 
complete triangle-free graph on the remaining colours, blue and red say; 
otherwise there would be a yellow triangle OCiCj if any edge Ci Cj were 
yellow. Hence k < 5. Hence G has at most five edges of each colour through 
each vertex, so G has at most 16 vertices. 
We constructed such a graph with 16 vertices in the following ad hoc 
manner, only later learning that there are two nonisomorphic graphs of this 
type 151; the other graph will be discussed briefly in Section 8. 
Let the blue, red, and yellow edges through a vertex 0 be OA, ,..., OA,; 
OB , ,..., OB,; OC, ,..., OC,, respectively. Join the A’s by red and yellow 
edges, the B’s by yellow and blue edges, and the C’s by blue and red edges, 
as in Fig. 3; thick lines denote blue edges, thin lines red edges, and broken 
lines yellow edges. We must now join all the A’s to the B’s, all the B’s to the 
c’s, and all the c’s to the A’s, using suitable colours. 
THREE-COLOURED TRIANGLE-FREE GRAPH 315 
/ ‘/ 
/ \ 
c, // ,’ 
\ \ 1 
& 
‘\\ 
).’ 
1‘1,’ 
FIGURE 3 
Join up the left- and right-hand ends of Fig. 4a to form a cylinder as in 
Fig. 4b; this gives a symmetrical triangle-free way of joining the A’s to the 
B’s. (The five B’s in Fig. 4b are joined as in Fig. 3.) Using a cyclic 
permutation of the colours, 
blue -+ red + yellow -+ blue, 
we join the B’s to the C’s, then the c’s to the A’s, in a similar manner (e.g.. 
A, B, is red, so B, C, is yellow and C,A, is blue). 
FIGURE 4 
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We have ensured that there are no triangles with 0 as a vertex. Also 
Fig. 4b contains no triangles We easily check that there are no triangles of 
type AiBjC,, where i, j, k may be the same or different. Hence we have a 
complete triangle-free graph on 16 vertices. 
Table I shows the colour joining each pair of vertices of the graph. The 
vertices 0; A, ,..., A,; B, ,..., B,; C, ,..., C, have been relabelled A; B, C, D, E, 
F; G, H, J, K, L; M, N, P, Q, R. This table can be used to check the various 
statements made about the graph in the subsequent sections of the paper; not 
surprisingly it is similar to one of the tables in [5]. 
4 
The 40 edges of any one colour in the graph, together with the 16 vertices, 
form a Greenwood-Gleason graph [3,5]; this graph may be illustrated as in 
Fig. 5, which shows its 5fold symmetry. 
A familiar geometrical figure with 16 vertices is the hypercube in four 
dimensions (Fig. 6). This has only 32 edges, but if we join each vertex to the 
opposite vertex, we obtain the Greenwood-Gleason graph, as in Fig. 7 in 
which for clarity four of the edges are only partially drawn. The symmetry 
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group of rotations and reflections of the hypercube has order 24 . 4!, whereas 
the automorphism group of the Greenwood-Gleason graph has order 24 . 5! 
as we shall see in Section 5. The representation in Fig. 7 has the disad- 
vantage of treating eight of the edges differentily from the others. 
5 
A hypercube in five dimensions has 32 vertices, and 80 edges in five 
mutually perpendicular directions. We can define the “distance” between two 
vertices to be the minimum nuber of edges traversed in travelling from one 
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vertex to the other. We can label each vertex with an X or a Y in such a way 
that each edge joins an X-vertex to a Y-vertex (so that alternate vertices are 
labelled with an X). Then each X-vertex is at a distance 2 from ten other X- 
vertices, and at a distance 4 from the remaining five X-vertices. If we join 
each X-vertex to the five X-vertices at a distance 4 from it (at the same time 
discarding the edges of the hypercube), we obtain a Greenwood-Gleason 
graph. 
The full symmetry group of the five-dimensional hypercube has order 
2’ . 5!; half of these symmetries permute the X-vertices amongst themselves, 
so the automorphism group of the Greenwood-Gleason graph has order 
24 . 5! at least. But an automorphism is clearly uniquely determined by its 
effect on the five edges through a vertex, so the automorphism group has 
order precisely 24 . 5!, and all the automorphisms appear as isometries of 
this five-dimensional representation. 
6 
The live-dimensional hypercube ys is bounded by ten four-dimensional 
hypercubes y4, and its vertex-figure is a simplex a4. If we truncate the 
hypercube, cutting off each Y-vertex by a hyperplane through the adjacent X- 
vertices, we obtain a semi-regular polytope whose vertices are the 16 X- 
vertices, with 16 bounding cells of type a4 and ten bounding cells of type p4 
(cross-polytopes obtained by truncating alternate vertices of each y4) 
[ 1, Chap. VII]. The edges in our representation of the Greenwood-Gleason 
graph are the 40 diagonals of the ten p4’s; the four diagonals of each /I4 are 
concurrent, but not at a vertex of the graph. Thus the 40 edges fall naturally 
into ten sets of four, and also into five sets of eight since the cells of type /3, 
occur in five opposite pairs. The five sets of eight edges appear in Fig. 7 as 
the eight edges of the hypercube in each of the four mutually perpendicular 
directions and as the eight diagonals. 
The Greenwood-Gleason graph contains 40 quadrilaterals; this is easily 
seen in Fig. 7, where the quadrilaterals consist of the 24 plane faces of the 
hypercube and the 16 quadrilaterals formed by a pair of opposite edges and 
two diagonals. 
Returning now to the complete graph of three colours, Fig. 7 represents 
the blue edges. We check from Table I that both diagonals of any 
quadrilateral in Fig. 7 are of the same colour; hence we may refer to the 20 
“red quadrilaterals” and the 20 “yellow quadrilaterals.” Also the 20 red 
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quadrilaterals meet two at each edge and five at each vertex. Thus the red 
quadrilaterals, each regarded as a face bounded by four edges, represent a 
topological surface composed of the 20 quadrilaterals meeting along 40 
edges and at 16 vertices: a surface of characteristic 20 - 40 + 16 = - 4. This 
surface is one-sided, as we shall see in the next paragraph, and hence it is a 
Klein bottle with two handles (see, e.g., [4]). 
The hyperbolic plane has a regular tesselation of regular quadrilaterals 
meeting five at each vertex [2, p. 951, as in Fig. 8. This tessellation can be 
used to represent our surface of characteristic -4: we label the quadrilaterals 
of the tessellation according to the labelling of the red quadrilaterals on the 
surface, and then identify all points of the tessellation denoted by the same 
letter. (We can cut out the fundamental region of the tessellation shown in 
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Fig. 9, consisting of 20 quadrilaterals, bend it around in hyperbolic space of 
a sufficient number of dimensions, and join together those portions of the 
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boundary labelled in the same way, to produce a representation of the 
surface, in much the same way as a rectangle can be bent around and joined 
up in Euclidean 3-space to produce a torus.) The two quadrilaterals in Fig. 8 
labelled DLHN, for instance, have opposite orientations; this shows the one- 
sidedness of the surface. Thus in Fig. 8 the thick edges of the quadrilaterals 
represent the blue edges of the complete graph, and the thin diagonals 
represent the red edges. 
The red edges fall into sets of eight, as mentioned at the end of Section 6, 
and the two diagonals of a quadrilateral are always in the same set, so the 
quadrilaterals fall into five sets of four. This gives an interesting regular 
colouring of the tessellation in five colours. 
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In Fig. 10 the infinite strips of the tessellation corresponding to the four 
quadrilaterals KGMC, BKCA, JBAF, GJFM have been shaded, to assist a 
visual appreciation of the situation described below. On the surface the four 
quadrilaterals form an annulus. Let us change the colour of the eight edges 
MC, CA, AF, FM, GK, KB, BJ, JG (forming the boundaries of the annulus) 
from blue to red, and the colour of the diagonals GC, CB, BF, FG, MK, KA, 
AJ, JM of the quadrilaterals from red to blue. The resulting complete graph 
is still triangle-free. It can be checked that the edges of any one colour still 
form a Greenwood-Gleason graph, but the three Greenwood-Gleason 
graphs now lit together in a different way to form a new triangle-free 
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complete graph not isomorphic to the previous one. We did not find this 
second graph for ourselves; we have merely shown how its construction can 
be easily explained using the tessellation. 
It is proved in [5] that these are the only two nonisomorphic maximal 
triangle-free complete graphs of three colours. 
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